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Abstract. New necessary and sufficient conditions are given for the quantiza- 
tion of a class of periodic second order non- homogeneous ordinary differential 
equations in the complex plane in this paper. The problem is studied from 
the viewpoint of complex oscillation theory first developed by Bank and Laine 
(1982, 1983) and Gundersen and Steinbart (1994). We show that when a 
solution is complex non-oscillatory (finite exponent of convergence of zeros) 
then the solution, which can be written as special functions, must degener- 
ate. This gives a necessary and sufficient condition when the Lommcl function 
has finitely many zeros in every branch and this is a type of quantization 
for the non- homogeneous differential equation. The degenerate solutions are 
of polynomial/rational- type functions which are of independent interest. In 
particular, this shows that complex non-oscillatory solutions of this class of 
differential equations are equivalent to the subnormal solutions considered in 
a previous paper of the authors (to appear). In addition to the asymptotics 
of special functions, the other main idea we apply in our proof is a classical 
result of E. M. Wright which gives precise asymptotic locations of large zeros 
of a functional equation. 



1. Introduction and the main results 

Let A(z) be a transcendental entire function, and that f(z) an entire function 
solution of the differential equation 

(1.1) f" + A(z)f = 0. 

We use the <r(/) and A(/) to denote the order and exponent of convergence of ze- 
ros, respectively, of an entire function f{z). A solution is called complex oscillatory 
if A(/) = +oo and complex non- oscillatory if A(/) < +oo. Reader can refer to [14] 
or [16) for the notation and background related to Ncvanlinna theory where this re- 
search originated. However, we shall not make use of the Nevanlinna theory in the 
rest of this paper. For earlier treatments of various complex oscillation problems 
considered, we refer the reader to, for examples, [2j [3l 01 02 [8j [9j [13l [15j [23] . In this 
paper, we consider the complex oscillation problem of a class of non-homogeneous 
differential equations which includes the simple looking equation 



(1.2) /" + (c 2z -v 2 )f = ae^ +1 >, 
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as a special case, where //, v, a £ C and cr ^ 0. It is well-known that all solutions 
of the equation are entire, see |16j . 

In [TQl Theorem 1.2], the authors gave several explicit solutions of (|1.2[) in terms 
of the sum of the Bessel functions of first and second kinds J U (Q and Y„((), and 
the Lommel function 5^,1,(0 ($9)- hi fact, the general solution of (|1.2[) can be 
written as 

(1.3) f(z)=AJ„(e z )+BY„(e z ) + *St l ,„(e z ), 

where A, B £ C and S' (ttl „(£) is a particular integral of the non- homogeneous Bessel 
differential equation 

(1.4) CV(C) + Cy'(C) + (C 2 - v 2 )y{Q = 

The functions J U {C) an d ^(C) are two linearly independent solutions of the corre- 
sponding homogeneous Bessel differential equation of (11.41) . 

The Lommel function S^.j,(£), is a special function that plays important roles 
in numerous physical applications (see e. g. [THl EH HI] ) , was first appeared to be 
studied by Lommel in [18]. We refer the reader to [10] and the references therein 
for further discussion about the background and the applications of the Lommel 
function. 

The authors' previous work [101 Theorem 1.2] concerns the subnormality of the 
solutions of (|1.2[) . We recall that an entire function f{z) is called subnormal if 
either 

(1.5) Ihn" l0SlQSM ^ A = Q or hm ** T bf) =Q 

r— >+oo t r— s-+oo 7* 

holds, where M(r, /) = max|/(z)| denotes the usual maximum modulus of the 

\z\<r 

entire function f(z) and T(r, f) is the Nevanlinna characteristics of f(z). We have 
shown that solutions of (|1.2[) arc subnormal, that is, if (|1.5[) holds, if and only if 
(A, B) = (0, 0) and either pL + v = 2p + 1 or /i — v = 2p + 1 holds for a non- negative 
integer p in (|1.3[l and the subnormal solutions have the form given by the formulae 
(|1.6p and (|1.7[) . In other words, subnormal solutions and finite order solutions of 
(|1.2|) are equivalent, see Corollary 11.51 below . This provides a new non-homogeneous 
function-theoretic quantization-type result for the equation (jl.2p whose explanation 
will be given in §8. 

Remark 1.1 The authors also generalized the above results to a much more general 
equation (|1.8[) below ((TDJ Theorem 1.4]), and a number of interesting corollaries. 
For examples, orders of growth of the entire functions S fljU (e z ) and H l/ (e z ) were 
determined and non-homogeneous function-theoretic quantization-type results were 
also obtained. See [TQl Theorem 1.7, §6] for details. 

For homogeneous differential equation (jl.ip . it is known that a solution f(z) 
could have A(/) < +oo but its growth being not subnormal, that is, 
lim log log M(r, f)/r = +oo. Thus one may ask what is the relationship between 

v— >+oo 
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subnormality of solutions and its exponent of convergence of zeros of (|1.2p . We show 
that the finiteness of the two measures are equivalent. 
Here are our main results: 

Theorem 1.2 Let f{z) be a solution of (|1.2[) . Then X(f) < +00 if and only if 
A = B = in p. 31) and either fj,+ v = 2p + 1 or fx — v = 2p+l for a non-negative 
integer p and 



(1.6) 



^,,(C) = C 



k=0 



A) k c k 



(, 



2 k 



where the coefficients c k , k = 0, 1, . . . , p, arc dchned by 

k 

(1.7) cq = 1 and c fe = J[ [(/i - 2m + l) 2 - i/ 2 



The above result is a special case of the following Theorem 11.31 We first intro- 
duce a set of more general coefficients. Suppose that n is a positive integer and 
A, B, L, A/, N, <7, <7i, fXj, v are complex numbers such that L, M are non-zero and 
at least one of <7j, j € {1, 2, . . . , n}, being non-zero. 

Theorem 1.3 Let f(z) be an entire solution to the differential equation 
f" + 2Nf + [L 2 M 2 c 2Mz + (N 2 - v 2 M 2 )\j 

(1.8) 



2 e [M( H + l)-N]z^ 



Then f{z) is given by 
(1.9) f(z) = e~ Nz 



AJ u (Le Mz ) + BY u (Le Mz ) + £ a 3 S H ^{Le Mz ) 

3 = 1 



Moreover, suppose that all the Rc(fij) arc distinct. Then we have A(/) < +00 if 
and only if A = B = and for each non-zero o 3 - , we have either 



(1.10) 



/ij + v = 2pj + 1 or fjLj — v = 2pj + 1, 



where pj is a non-negative integer and 



(1.11) 



^,,(C) = C 



Hj-l 



Pi 

£ 

Lfc=0 



2k 



where c^, j (k = 0, 1, . . . , p — 1; j = 1, 2, . . . , n) are defined by 



k 

(1.12) Co, j = 1 and Cfcj = J| [(/^ - 2m + l) 2 - v 2 \. 

m— 1 
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As an immediate consequence of the Theorems 11.21 or 11.31 we get the following 
result which gives us information about the number of zeros of the Lommel function 
•S'ai, j/(C) m the sense of Nevanlinna's value distribution theory: 

Corollary 1.4 Suppose that <jj are complex constants such that at least one of o-j 
is non-zero, where j = 1, 2, . . . , n . Suppose further that Re are distinct and 
Sp.j.i'iC) are Lommel functions of arbitrary branches given in Lemma 13.11 Then 
each branch of the function 

n 

(i-i3) no ^vjShAQ 

has finitely many zeros if and only if either fj,j + v = 2pj + 1 or p,j — v = 2pj + 1 
for non-negative integers Pj . In particular, the special case n = 1 implies that each 
branch of S/*, v(C) has finitely many zeros must satisfy either fj, + v = 2p + 1 or 
fi — v = 2p + 1 for a non-negative integer p. 

The Lommel function ^(C), as in the cases of many classical special functions, 
has, in general, infinitely many branches, that is, its covering manifold has infinitely 
many sheets. The values of the function in different branches are given by so-called 
analytic continuation formulae. Such analytic continuation formulae in its full 
generality, first derived by the authors in |10j . are given in Lemma 13. II 

Corollary 1.5 Suppose that f(z) is a solution of (|1.2p . Then we have X(f) < +oo 
if and only if the solution f(z) is subnormal. 

Remark 1.6 We note that for all values of \ij and v, J„(Le Mz ), Y v (Le Mz ) and 
Sfj, jt u{Le ) are entire functions in the complex z-plane. Hence they are single- 
valued functions and so are independent of the branches of S^., V (Q. 

The main idea of our argument in the proofs is based on the asymptotic expan- 
sions of special functions (Bessel and Lommel functions) , the analytic continuation 
formulae for S^ U (C) (Those formulae were first discovered by the authors which 
play a very important role in |10| and also in this paper), the asymptotic locations 
of the zero of the transcendental equation ze z = a given by Wright [29] , [30] and 
application of Rouche's theorem on suitably chosen contours in the complex plane. 

This paper is organized as follows. We introduce the Lommel transformation in 
§2, which serves as a crucial step in our proof to transform the equation (|1.8[) into 
the equation 

(1.14) CV(C) + Cy'(C) + (C 2 - ^ 2 )y(C) = £ ^C w+1 . 

3=1 

Since we need to consider the different branches of the function (|2.1[) in the proof 
of the Theorem 11.31 so the analytic continuation formulae for ^.^(C) come into 
play at this stage. We quote these formulae, which were derived in [ID] , in §3 
for easy reference. Besides, we need information about the zeros of the function 
g(() = Cc l< ^ where (7^0 and it ^ |. It turns out that Wright has already 
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investigated the precise locations of zeros of the equation ze z = a in 150] - 
where a ^ 0. In fact, this problem is of considerable scientific interest, see for 
examples ([TJ US])- Since we need to modify Wright's method in the preliminary 
construction of one of the contours used in the proof of the Theorem 11.31 so we 
shall sketch Wright's method in §4. A detailed study of the zeros of the function 
.g(C) = CeK+dC"-* will be given in §5, followed by the proof of the Theorem 11.31 
in §6. A proof of the Corollary 11.41 is presented in §7 and a discussion about the 
non-homogeneous function-theoretic quantization-type result will be given in §8. 
Appendix A contains all the necessary knowledge about the Bessel functions and 
the Lommcl functions that arc used in this paper. 

2. The Lommel transformations 

Lommel investigated transformations that involve Bessel equations [T7] in 18680 
Our standard references are [27j 4.31], [12l p. 13] and [TOj §2]. Lommel considered 
the transformation £ = ax^ and y(0 = x 1 u(x), where x and u(x) are the new 
independent and dependent variables respectively, a, /3 € C\ {0} and 7 G C. We 
apply this transformation to equation (| 1 . 14[) to obtain a second order differential 
equation in u(x) whose general solution is x^ 1 y(ax l3 ). Following the idea in [TO], we 
apply a further change of variable by x = e z and f(z) = u(x) to the said differential 
equation in u(x) and then replacing a, /3 and 7 by L, M and N respectively. This 
process yields (|1.8p . As we have noted in §1 that the general solution of (|1.4I) is 
given by a combination of the Bessel functions of first and second kinds and the 
Lommel function S^^O (see [T^l 7.7.5]), hence the general solution to (|1.14[) is 

n 

(2.1) y(C) = AJ v (0+BY v (0 + Y,°3 S hA0 

3 = 1 

n 

(2-2) = CHP(0 + DH<?\Q +^S H A0, 

3=1 

where C = \(A - iB) and D = \{A + iB). It is easily seen that A = B = if 
and only if C = D = 0. Thus the general solution f(z) = Q- Nz y{Lc Mz ) of (TE8"|) 
assumes the form 



(2-3) /(*) 



-JVi 



CH^ (Lc Mz ) + DH^ (Lc Mz ) + £ a, -S H , „ (Lc 

3=1 



Mi 



3. Analytic continuation formulae for the Lommel function 

We first note that the Lommel functions S^^O have a rather complicated 
definition with respect to different subscripts fi and v (in four different cases) even 
in the principal branch. In this section, we shall not repeat the description of its 
definition, interested readers please refer to (TU1 §3.1] and the references therein. 
Here we only record the analytic continuation formulae of U (Q and the proofs 
of them can be found in [TOJ §3.2-3.5]. The asymptotic expansion and the linear 
independence property of S^^O wn l be given in the appendix. 

Let x± := |(fi±v+l). We define the constants 



We mentioned that the same transformations were also considered independently by Pearson 
[271 p. 98] in 1880. 
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K := 2^ 1 r( X+ )r(x-), K + := Ki[l + c ^+^} cos (^y^r), 



m 



(3.1) K± :-^2- 2 l e- m ^T(^[[/ m _ 1 (cos^)c(" l±1 ^ 

,, mir 2 (m ± 1) 
A ± : = 4 ' 

sm muir 

where r is the gamma function and ?7 m (cos^7r) := — : is the Chebyschev 

sini/7r 

polynomials of the second kind. 

When /i ± v ^ 2p + 1 for any integer p, then we have 

Lemma 3.1 [TUJ Theorem 3.4] Let m be an integer. 
(a) We have 

(3.2) S^„(Ce- mm ) = (-lre-^S^C) + K+[P m (co8un, e^™)^ (C) 

+ e-^P m _i(cos z^tt, e-^)ffM(0] . 

where P m (cos i/7r, e _A "™) is a rational function of cos i/7r and e _M7ri given by 



(3.3) 



P m (cos^7r, e - ^ 4 ) 

_ C/ m _i(cos^7r) +c-^ 4 t7 m (cos^7r) + (_l)™+i e -( m + 1 )M™ 
[1 + e^(^+ l/ ) 7ri ][l + e - ^ - ") 7 ™] 



(b) Furthermore, the coefficients P m (cos^7r, e - ' 17 ™) and P m _i(cos^7r, e _A "™) 
are not identically zero simultaneously for all jj,, v and all non-zero integers 
m . 

When either // + v or /i — v is an odd negative integer —2p— 1, where p is a 
non-negative integer, then we have another sets of analytic continuation formulae 
which arc given by 

Lemma 3.2 [TU1 Lemmae 3.6, 3.8, 3.10] Let m be an integer. Then we have 
(a) If —v £ {0, 1,2,.. .}, then we have 

S v -2p-l, v{Q c mm ) = C mU7 "' S u -2p-l, v(0 



(b) If v = 0, then we have 

s. 2p . h0 (Ce- m n = s- 2p -i,o(C) + ^^[k';h^(q + kih^(q}. 

(c) We define 8 m = 1 + ( — l) m_1 and for every polynomial P n (C) of degree n, 
we define P n {C) t° be the polynomial containing the term of P n (C) with 
odd powers in ( and P n (C) : ~ Pn(C) — S m P n ((). If v = —n is a positive 
integer n, then we have 
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S-n-2p-l, -n(C e m7Tl ) 

= (-l)™*S_ n _ ap _l,_ n (0 + 2 2 P +n„ !(p!) 2 (1+n)p C" n>< 

{ - 5 m [i n (o +s n (c)5_i,o(c) + cc»(o^-i l0 (c)] 

+B I ,(0[jrX ) (0 + ^-^ ) (0] 

where A n ((), B n (Q and C n (Q are polynomials in £ of degree at most n 
such that A±(C) = -Bi(C) = 0? Ci(C) = 1 ar| d when n > 2, that they satisfy 
the following recurrence relations: 

MO = -2(n - l)^n-i(C) + C<-i(0 + C-i(C), 
(3.4) S n (C) = -2(n - l)Sn-i(C) + CK-iiO ~ C 2 C„-i(C), 

c n (o - -2(n - i)c n _i(o + B„-i(o + cc;_i(0- 



4. Applications of Wright's result 

Suppose that a is a non-zero complex number such that a = Ae la , where — 7r < 
a < 7T and A = \a\ ^ 0. In 1959, Wright [29l [30] obtained precise asymptotic 
locations of the zeros of the equation 

(4.1) ze z =a 



in terms of rapidly convergent scries by constructing the Riemann surface of the 
inverse function of z + \ogz. This result of Wright is of considerable scientific 
interest, particularly in the theory and various applications of difference-differential 
equations, see [TJ I2H]- For further applications of this equation, please refer to 

[aim Ba- 
in this section, we first describe Wright's result in the Lemma 14. II below. Next 
we apply Wrights' result to obtain finer estimates of the real and imaginary parts of 
the solutions of (|4.1[) in the Lemmae 14.31 and 14.41 below which we need to construct 
a certain contour needed in the proof of the main result in Proposition 15.31 

Suppose that n is an integer. We let z(n) = x(n) +iy(n) be solutions of equation 
(|4.ip . where x(n) and y(n) are real, and are given in the following result of Wright: 



Lemma 4.1 (ES [30]) Let a = Ae ta , where -w < a < ir and A = \a\ ^ 0. Let 
sgn (n) be the sign of the non-zero integer n. We define 

7T A 

(4.2) H n := 2|n|7r + sgn(n)a- -, /3„ log — , 

Z li n 

taking log -jj- reai. If \n\ is sufficiently large such that 

2 

^2 /,„„ a\2 n ' 



(4.3) 2H n \/3 n \ < (H n - iy, (log AY <[H n --\ + 2(1 + log A) log#„ + 1, 
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then the solutions of the equation (|4.1|) are given by 

(4.4) x(n) = (H n + ?7„)tan?7„, y(n) = sgn(n)(ff„ + r) n ), 

+00 

where n n = ^~](— Q2j+i(Pn)H~ 2:) ~ 1 and {Q m (t)} is the sequence of polynomials 

j=o 

defined by 

(4.5) Qx(t):=t, Q m +i(t) := Q m (t) + m [ Q m (s)ds, 







where m is a positive integer. 



Remark 4.2 Wc deduce from the definition (|4.2[) that f3 n < for all n sufficiently 
large and j3 n —J- — 00 as n — > ±00. We also note that it follows from (|4.5|) that 
Q m (t) is a polynomial of degree at most m. This and the series representation of 

n n show that r\ n = O ( — ) , r] n < and rj„ -> as n -> ±00. 

As we have already mentioned in §1 that we would like to apply Rouche's theorem 
to suitable contours. To construct one of these contours, it is necessary to derive 
accurate bounds for x(n) and y(n) from the following Lemma l4~3l of Wright. Wc 
include the argument leading to the inequalities to familiarize our readers for later 
applications. 

Lemma 4.3 [301 P- 196] Suppose that H n and A are as defined in (|4.2j) . Then the 
upper and lower bounds for the real and imaginary parts of the solutions to (|4.1[) 
are given, respectively by 

A A 
(4.6) 2 log-— Ki(n)<log : 



(2|n| + 1)tt y ' b 2(H - 1)tt 

and 



(4.7) 



(2n — 1)tt + a < y(n) < 2mr + a, if n is large positively; 
2mr + a < y(n) < (2n + l)ir + a, if n is large negatively. 



Proof. It is easy to see that the inequalities (|4.7[) follow easily from the definitions 
(|4.2p , (|4.4p and the properties of n n in the Remark 14.21 above. For the inequality 
(|4.6p representing the real part of z(n), we deduce from the power series of tan?y„ 
and equation (|4.4|) that 

x(n) = r) n (H n + n n ) = rj n (H n + r) n )[ 1 + H . 

This implies that the inequalities rj n (H n + rj n )(l — 7? n ) < x(n) < rj n (H n + rj n ) hold 
when n is sufficiently large. On the other hand, the Lemma 14.11 and Remark 14.21 
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assert that j3 n — ^ < rj n H n < f3 n + ^ when n is sufficiently large. Combining these 
two inequalities and the fact < 1 — r\ n < 2, we deduce 

(4.8) x{n) < r) n (H n + r] n ) = i ln H n + r? n < p n + ]- + ?/ 2 < /3 n + 1< 
and 

(4.9) x{n) > Vn {H n + T) n ){l - r) n ) > 2r) n (H n + Vn ) > 2/3„ - 1 + 2r& > 2/3 n - 1, 

since r) n (H n + r/ n ) < 0. Hence we deduce from the inequalities (|4.8[) and f)4.9[> the 
inequalities 

(4.10) 2p n - 1 < x(n) </3 n + l<0. 

Since — tt < a < 7r, we must have — tt < sgn (n) a < tt for every non-zero integer n. 
Then the desired inequalities (|4.6|) follow from this fact, the inequalities (|4.10[) and 
the definition (|4.2p . This completes the proof of the lemma. □ 

Lemma 4.4 Let m be a fixed positive integer such that log A — logm7r + 1 < —3. 
We dehne d r := 2mirr 2 — a — it for every real r > and let = —mk 2 , where 
k is a sufficiently large positive integer such that satisfies the inequalities (|4.3[) . 
Then we have 

(4.11) -51ogfc < x(n k ) < -21ogfc - 2, -d k+1 < y(n k ) < -d k . 

Proof. Since n k is large and negative, so the inequalities f|4. 1 1[) for y(n k ) follows 
easily from the second set of inequalities in (|4.7p . We next observe that both 
inequalities 

log(2m/s 2 + l)n < logmfc 2 7r + log7r and log(2mfc 2 — l)ir > logm/c 2 7r — log7r 
hold for fc sufficiently large. Hence it follows from the inequalities (|4.6[) that 

sc(nk) > 2 log A - 2 log(2mfc 2 + l)vr - 1 

> 2 log A - 2 log mfc 2 7r - 2 log 7r - 1 

= -4 log + (2 log A - 2 log mn - 2 log 7r - 1) 

> — 51ogfc 

and 

x(n k ) < log A - log(2mfc 2 - l)n + 1 

< log A — log mfc 2 7r — log 2 + log 7r + 1 

= (log A — log m7r + 1) — 2 log k — log 2 + log 7r 

< -2 log fc - 3 + log 7r - log 2 

< -2 log k - 2, 



completing the proof of the lemma. 



□ 
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Remark 4.5 We remark from the inequalities (|4.11[) that the particular set of 
zeros z{nk) of equation (|4.ip must lie inside the rectangles whose vertices are given 
by the points (— 51ogfc, — dk), (— 21ogfc — 2, — dk), (— 51ogfc, — dk+i) and 
(— 21ogfc — 2, — dk+i) in the complex z-plane. 

5. Zeros of an auxiliary function 

In the proof of our main results, it will become clear in §6 that we need to know 
the locations of zeros of the auxiliary function 

(5.1) ff (C)=Ce«+ ?<;""*, 

where fi, C, a are non-zero complex constants such that /j, ^ j, and takes 
the principal branch^ We apply the results from [21 to investigate the asymptotic 
locations of zeros for <?(£). To do so, we first transform the equation g(C) = into 
the form of (|4.1j) . where 

(5.2) ^ = T^> a=T ^(-a5- 1 )I^0 

5 - M 5 - » 

Let C( n ) = u(n) + iu(n) and | — /i = fee"- 4 , where n is an integer, = |i — ju| > 
and — 7r < </> < 7r. Then it follows from (|5.2[) and z(n) = x(n) + iy{n) that for 
sufficiently large positive or negative integers n, 

(5.3) u(n) = (bcos(j))y(n) + (5sin0)x(n), w(n) = (b sin (j))y{n) — (bcos(j))x(n). 

In order to find precise asymptotic locations of zeros of the function (|5.1[) . we 
first consider the particular case that <f> = tt in (|5.3[) . This forces ^ > \ and 

^(n) = u(n) + «i>(n) = b(—y(n) + ix(n)), 

where 6 = fi — \ > 0. Therefore we obtain from Lemma 14.41 and Remark 14.51 the 
following lemma. 

Lemma 5.1 Let <fi = it and n k be defined as in Lemma WM Then for k sufficiently 
large, we have 

(5.4) < bdk < u(n k ) < bd k +i, -561ogfc < v(n k ) < -261ogfc - 2b < 0. 

In other words, the zeros C( n k) must lie inside the rectangles R k whose vertices are 
given by the points (bdk, — 561ogfc), (bd k , — 261ogfc — 2b), (bdk+i, — 561ogfc) and 
(bdk+i, — 2&logfc — 2b) in the (-plane. 



'The remaining case when fJ, = i will be discussed in the Lemma l6.2l 
'We assume that —n < arga < 7r. 
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Remark 5.2 In view of the Lemma \5. 11 we easily see that, when <f> = ir, all such 
zeros C( n fe) li e m the fourth quadrant of the £-plane and the real part of each 
C{n>k) is increasing much faster than the imaginary part in such a way, so that the 
argument &ig((rik) is always negative and arg£(nfc) — > as nk = —mk 2 — > — oo 
(or as k — >• +oo). 

Now we are ready to define one of the contours that will be used in the proof of 
the Theorem 11.31 For any given function g of the form (|5.1[) , the contour is formed 
by the curves Ti(g), T 2 (g) and the line segments £i(g), £2(9) which are defined as 
follows: 

= {b(d r - 2ilogr) : k < r < 2k}, 
- {b(d r - 6ilogr) : k < r < 2k}, 
= {b(d k +iv) : -61ogfc < v < -21ogfc}, 
= {b(d 2k +iv) : -61og(2fc) < v < -21og(2fc)}. 

We join the line segments £i(g), H-i(g) and the curves Ti(g), T 2 (g) to form the 
contour f2(g, k) for each integer k. We then glue the £l(g, k) together along each 

+ OC 

pair of £i(g), t 2 {g) and the resulting set is denoted by Q(<?) = [J Q(g, k). Then 

fe=i 

wc define e^'^^g, k) and e^-^Q^) as follows: 

e^-^n(9, k) := {S^C : C G *)}> 
e^-^fifo) := {e^'^C : C € 

Thus we have the following result: 

Proposition 5.3 Let k be a large positive integer and u. ^ |. Then the func- 
tion as defined in (|5.ip has at ieast fc distinct zeros lying inside the contour 
e l ( 7r_ wfi(<7 ! fc) and infinitely many zeros lie inside the set e^-^flfa). 

Proof. It suffices to prove the first statement. We suppose first that <\> — ir so that 
the contour and the sets given by (|5.6p are f2(<7, fc) and respectively, and all 
the zeros Ci n k) lie in the fourth quadrant of the C-planc by Remark 15.21 We note 
that for each j £ {0, 1, . . . , k — 1}, the vertices of the rectangle Rk+j are given by 
(bd k+j , -5&log(fc+j)), {bd k+j , -261og(fc + j) - 2b), (bd k+j+1 , -561og(fe + j)) and 
(6dfe+j+i, — 261og(fc + j) — 2b). Since we have 

-21og(fc + j) - 2 < -21ogr, -61ogr < -51og(fc + j), 

where k + j<r<k+j + l, it means geometrically that the upper (resp. lower) 
edge of Rk+j is below (resp. above) the curve T\(g) (resp. T 2 (g)), see Figure[T]for 
an illustration. 

Thus the contour fl(g, k) contains all the k rectangles Rk+j, for j £ {0, 1, . . . , k— 
1}. By the Lemma 15.11 each rectangle Rk+j contains the zero ((nk+j), for j 6 
{0, 1, . . . , k — 1}. These zeros are distinct because we have Rk+j H Rk+j' = 
whenever j ^ j'. Hence the result follows in this particular case. 

Next wc suppose that — 7r < <f> < 71". Then it may happen that not all zeros C( n fe) 
lie in the fourth quadrant of the £-plane. In this general case, we rotate the £-planc 



(5.5) 



1 l\9) 

r 2 ( 5 ) 

£o(a) 
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bd t bd k+1 bd k +j Mt+y+i 




Figure 1. The rectangles R k +j and a part of the contour Q(g, k) 
when (j) = 7T. 

through the angle (it — <f>) to the £'-planc, where £' '■— c q ^~^(. Thus it follows 
from the relations (|5.3p that 

C'(n fe ) = e^-^CK) = b(-y(n k ) + ix(n k j) 

so that all the zeros C{n k ) of G(C') = gie^-^C) lie in the fourth quadrant of the 
C'-plane by the Lemma 15.11 and the Remark 15.21 Thus the argument in the first 
part applies to this general case with respect to the contour e^ 7r_< ^^(g, k) and the 
set e I ( 7r-< ^f2((?), thus completing the proof of the proposition. □ 

6. Proof of Theorem [TT3l 

6.1. Sufficiency part. Suppose that f(z) is subnormal. Then the Remark 11.51 
asserts that we must have A = B = and one of the equations in (|1.10[) holds. 
Thus according to (jl.lip . we have A(/) < +oo. This proves the sufficiency part of 
the theorem. 

6.2. Necessary part. In order to complete the proof of the Theorem 1 1.31 that is, 
to find the values of /ij ± v under the assumption that A(/) < +oo, we consider the 
function f(z) in the form f|2 . 3|) . Then we first need the following result: 

Theorem 6.1 If C ^ or D ^ 0, then A(/) = +oo. 

Proof of Theorem \6.1\ We let in the form (|2.2[) be the general solution of 

(|1.14[) . Since the Lemma [A.2I asserts that the Lommel functions ^^^(C), j = 
1, 2, . . . , n, are linearly independent over C and that not all <jj are zero, so the 
summand in (|2.2[) is not identically zero. 

Without loss of generality, we may assume that a n 7^ and the constants fij , j = 
1, 2, . . . , n, in the Theorem 11.31 satisfy Re (hi) < Re (^2) < • • • < Re (/in). In order 
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to prove the Theorem 16.11 we show that the general solution (|2.2[) has infinitely 
many zeros in the principal branch of H„(£), H„ 2 \^) and S 1 ^ j,(£)o The idea of 
our proof is to apply asymptotic expansions of the corresponding special functions 
and Rouche's theorem on suitably chosen contours. 

When — 7r < argC < it, wc substitute the asymptotic expansions (|A.4[) . (| A.5|) 
and (|A.6[) into the solution (|2"2|) to yielcfl 



y(0 



p-i 

E 

.fc=0 



Y ^ fc) + 



E^- 

3=1 



■p-1 

E 

.fe=0 



(-l)V 



2A- 



Lfc=0 

0(C -2 P+ 1 



c := Ce-^^+K 5 := De^^+H % := 



where (i/, k) .— 
<jj ^— ^ , where j = 1, 2, . . . , n. This gives, when p = 1, that 



(6.i) y(o = cc^ [i + oir 1 )] +5 c -<[i + o^- 1 )] +5> 3 -c M '"*[ 1 + (r 1 )]. 

J'=l 

We distinguish two main cases: Case I: fi n ^ | and Case II: //„ = |, which 
will then be further split into different subcases. 

Case I: Wc suppose that fi n ^ \. 

Without loss of generality, we may assume that C ^ so that C ^ 0. We choose 
the function (|5.1[) to be 



(6.2) 



9 (0 = cS + d n c 



where | — /x n = 6e 4< ^, 6 = |^ — and — 7r < </> < ir. Moreover, we assume that the 
chosen integer m in the Lemma 14.41 also satisfies the inequality 



(6.3) 



(brrnv) 



|Re(Mn)-|| 



o n \ >2|C|e 



|Im (f*„)|»r 



There are two subcases in Case I. They are Subcase A: (j> = ir and Subcase 
B: </>^ 7T. 

Subcase A: = 7r. Then the definition shows that h — fi„ = bc l7r = —b 
which implies that fx n must be a real number such that fin > ^ and b = 
fi n - \ > 0. Wc obtain from ([63]) and that 



\m-9(o\ 



Dc-^ + Ce<0(C _1 ) + 5e-^0(C _1 ) 



That is — 7r < arg f < 7r 
^This refers to the princi 
functions „(£), j = 1,2 



^This refers to the principal branch of the Hankel functions H^fc), Hl 2 \() and the Lommel 
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n-1 



3=1 

< De~ lC +Ce iC 0(C 1 ) +De~ iC 0{C 1 ) +0(|CH. 



(6.5) 



(6.6) 



where re is defined by 



We show that the inequality 

lv(C)-ff(C)l<lfl(C)l 



31 




1 


2J 


• < 





holds on the contour f2(</, fc) for all k sufficiently large. In fact, it is always 
true that |Ce^O(C _1 )| < \Ce% \De-^ 0{(- l )\ < \De~ l <\ and 



(6.7) 



IC1<IC^I, 



so it suffices to compare the values of |-De -II >|, ICe 11 ^ and IC - ^ - ! along the 
contour Sl(g, k). If ( e ^i(ff), then we have £ = b(dk — i^logk) (see (|5.5p ). 
where 2 < 7 < 6; and if £ G iMg), then we have £ = b(d r — 2i logr), where 
k < r < 2k. We deduce that 



(6.8) 



(6.9) 



, ±iCi _ J k ±b \ if C € h(g); 

1 r± 2fc , ifCerxG,), 



and for fc sufficiently large that 



(6.10) 



bmnk 2 < \(\ < Abmnk 2 , if ( e h{g); 
bmnr 2 < |£| < Abmnr 2 , if £ G Ti(g). 



On the one hand, for all sufficiently large k, it follows from (|6.3|) and 
that 

2\C\k 2b < {bmn) b \d n \k 2b 

< \d n C b \ < (4bmir) b \d n \k 2b , if C € £1(5); 
2|C|r 2b < (bmn) b \d n \r 2b 

< \d n ( b \ < (4bmir) b \d n \r 2b 1 if £ e T^g). 



But the triangle inequality 
(6.11) |fl(C)| > \\de«\-\v n C»»-i\\, 
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.12) 



together with the relations 
positive integer kg that 



and (|6.10p imply for k > ko for some 



1*7(01 > 



> 



||C|/c b7 

\C\k b ^/2, 
\C\r 2b /2, 



■\Zn( b \\ 
\d\r 2b \ 



if Ce4(s); 
ifCer^ff), 



ifCe^i(ff); 
ifCerx( 5 ), 



where the lower estimate for the case ( g <i (g) is trivial when 7 = 2 and the 
case when 7 > 2 follows since the factor (4bmir) b from f|6 . 10[) is a constant. 
On the other hand, we obtain from the relations (|6.4p , (|6.7p , (|6.8[) and (|6.9p 
that 



|y(C)-ff(OI< 



(6.13) 



< 



< 



+ K t (\d\k^ + \D\k- b ^)k~ 2 + K 2 \C\ l 



-2b 



\D\r 

\D\k- b ~< 
\D\r- 2b - 

K 9 k Kl , 
K w r K \ 



-K 3 (\C\r 2b 

I- K 5 k b ~*- 2 ■+ 
- K 7 r 2b ~ 2 



|D|r- 2 "V- 2 



K a r b+K , 



if C^i(s); 
if CG^Cff), 



if C^i(s); 
if CeTiG/), 



where «i := max{— 67, 67 — 2, 6 + n}, k 2 ■= max{— 26, 2b — 2, b + n} and 
ifi, i^2, • ■ • , K10 are some fixed positive constants depending only on 6, m 
(see Lemma I4.4P and A- . Note that it is easy to check that lry > K\ and 
26 > K2 hold trivially, we deduce from the inequalities (|6.12[) and (|6.13|) 
that the inequality (|6.6[) holds on £\(g) and T\(g), and then similarly it 
also holds on £2(9) and ^(5). Hence the desired inequality (|6.6[) holds on 
the contour fi(g, A;). 

Subcase B: If cf> 7^ tt, then it may happen as described in the proof of the 
Proposition 15.31 that not all zeros C( n fe) lie m the fourth quadrant of the 
£-plane, where the integers rik are also defined in the Lemma 14.41 However, 
one can rotate the £-plane through the angle (tt — (f) as described in the 
Proposition [573] (see also its proof) so that all such zeros can only lie in the 
fourth quadrant of the £'-planc. 

In this circumstance, we note that the inequalities (|6.4D and (|6.11D are 
now replaced by 



(6.14) 



|?(C')-G(C')I < 



Dc 



De~ 



+ o(\cn 



and 



•15) |G(C')I > 



Ce*' 



respectively, where Y((') = yie^'^C), G(C) = g(e l ^-^C) and the con- 
stant k is given by (|6.5p . Moreover, the relations (|6.8p and the inequalities 
are replaced by 
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rfi i f>\ i p ±ie^*-)c'| _ / fc±b7 - if C g e^-^ifo); 

I 6 1 ~ \ r ±2fc , if C'ee^-^rxG;), 

and 

r . f femTr/c 2 < |C'| < Abmirk 2 , if C' € e^-^ifo); 

( ' \ bnmr 2 < \Q'\ < Abmirr 2 , if C' G e^'^T^g) 

respectively, where b = \\ — fj, n \ > Re(/x n ) — |, 2 < 7 < 6, k < r < 2k, 
where £i(g) and ri(^) are defined in (|5.5p . 

Now we further distinguish two cases between (1) Re (/x n ) > | and (2) 
Re(/x„) < |. 

(1) If Re (/j, n ) > |, then Re (/i n ) — 5 > and it follows from the inequal- 
ities (|6.3[) and (|6.17[) that the inequalities (|6. 10[) are replaced by 



(6.18) 



' 2|C|e |Im ^" )|7r fc 2(Ro(Al " :) ~'5 :) < |(t„C' Rc(ai "' )_ ^| 

< (4bmir) Rc ^-i\a n \k 2 ( Rc( -^)-i) : if £' g e^-^t^); 

2|C'|e |Im (M^)k r 2(Rc <■ |g: n ^/Re(M»)— 1| 

< (AbmTr) Rc ^-i\a n \r 2 ^ Rc ^-^, if C £ e^-^Ttig) 

for k sufficiently large. Thus the inequality (|6.15[) together with (|6.18[) 
yield, for k > k\ for some sufficiently large positive integer ki, that 



(6.19) |G(C')I > 



\d\k^/2, if C' G e^-^hig); 
\C\r 2b /2, if C' G e^-^Txig). 



(2) If Re (fin) < i, then we have ^ — Re (/Lt„) > and the inequalities 
(I(i.l0|l are now replaced by 

for k sufficiently large. Therefore we deduce from these that 
lira |£„C' Re(M,l) ~'l =0 and lira |ct„C' Ro | = 0. 

fc— *- + O0 T-— ^ + 00 

On the one hand, these limits show that the inequality (|6.15p imply for 
k > k2 for some sufficiently large positive integer k2 that the inequalities 
(|6.19p hold in this case. On the other hand, it follows from the relations 
1(577)1 . (jSmj), ((57J5JI and (|57T7)) that the inequalities 



(6.20) |r(c')-G(c')l < 



Xnfc Kl , if C' € e^-^itg); 
Xi2r K2 , if C' G e^-^T^g) 
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hold in this Subcase B, where Kn, K12 are some positive constants, Ki = 
max{— 67, 67 — 2, b + k} and K2 = max{— 26, 26—2, b + k} so that (|6.19[) 
and (|6.20[) imply the inequality 

|y(C')-G(c')l<|G(c')l 

holds on the contour e l ^~^fl(g, k) for all k sufficiently large. Hence, our 
desired inequality (|6.6[) still holds in this general case after we transform 
the C'-plane back to the £-planc. 

Case II: Next, we suppose that /x n = i. 

Unfortunately, the contour fl(g 7 k) and the auxiliary function defined in (|5.5[) 
and (|6.2p respectively, do not seem to apply in this case. This is because the zeros 
of (|6.2[) distribute evenly on a straight line parallel to the real axis, and hence the 
region enclosed by the contour £l(g, k) can only contain finitely many such zeros 
for every positive integer k. We choose the alternative auxiliary function to be: 

(6.21) g{Q=dS + De-^ +d n . 

Without loss of generality, we continue to assume that C / 0. It remains to 
construct a suitable contour that contains the zeros of (|6.21j) which are given by 
the following lemma. 

Lemma 6.2 Let k be an integer. 

(a) If D 7^ 0, then the zeros of (|6.2ip are given by 

(6.22) (±(k)=2kir + G±+ilog\A±\, 

where A^ 1 are solutions of the quadratic equation Cx 2 + a n x + D = 0, 

which are given by A^ 1 := ( — a n ± \J o\ — AC ■ D^j /2C and 8± are the 

principal arguments of A^ . 

(b) If D = 0, then the zeros of (|6.21[) are given by 

(6.23) Co(A)=2*7r + 0o+*log|Ao|, 

where Aq 1 := —a n jC and 9q is the principal argument of Aq 1 . 

We omit its proof. 

Remark 6.3 We remark that none of the A + , A_ or Ao can be zero. Otherwise, 
D or C would be zero which contradicts the assumption. Moreover, let L + and L_ 
be two horizontal straight lines on which the zeros of the equation (|6.22[) fall on, 
such that L_|_ corresponds to the zeros of C+ and L_ corresponds to the zeros of 
in Lcmma l6.2f a). Similarly, we let Lq denote the straight line representing the 
zeros of the equation (|6.23[) in Lemma l6"T2T b). Both Lq, L + and L_ are parallel to 
the real axis in the £-plane. 

The construction of the contour is divided into different cases depending on 
whether the D vanishes. They are, Subcase A: D ^ and Subcase B: D = 0. 
The Subcase A is further divided into (1) |A + | ^ |A_| and (2) |A+| = |A_|. 
The (2) is divided into (i) 9+ = 6L and (ii) 9+^9-. 

Now we can start the construction of the contour. 
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Subcase A: Suppose that D ^ 0. By the Remark l6.3l we define a constant 
d as follows: 



(6.24) 



d := 



log|A+|-log|A. 



1. 



if|A + |^|A. 
if |A+| = |A. 



It is easy to see from (|6.24j) that we must have d > 0. We distinguish two 
cases between (1) |A + | ^ |A_| and (2) |A+| = |A_|. 

(1) If | A+ 1 7^ | A_ |, then wc define, for each integer k > fen for some suitably 
large positive integer fco, the line segments £i(g), ^2(3), ^3(3) and 4 (3) as 
follows: 



(6.25) 



log|A + | + ^) 
log|A+| + ^ ) 



t 3 (g) := \x + e+ + i[ log|A+|--) : (2k - 1)tt < x < (4k + 1)tt }, 



4(?) := { x + 9 + +i[ log |A + | + - ) : (2k- 1)tt < x < (4fc + 1)tt 



Then the line segments lj(g) (j = 1, 2, 3, 4) are concatenated to form the 



+00 



rectangular contour f2(g, fc). We also form the set Sl(g) = [J Q(3, fe), see 
Figure 2. 



fc=i 



4-1) 


CCS 1) 




03*+ J) 




- - « 1 




— x---- log |A + 






d/2 





'3(f) 



tog |A- 



— 





«2i) 


—ft Kr 


. x — 

d/2 


MB 



£(24+1) 
--X-- log ]A_| 

hCg) 

loglAJ 



FIGURE 2. The contour Q(g, k) when |A + | ^ |A_|. 
Instead of inequality (|6.6[) . wc shall show that the inequality 



COMPLEX OSCILLATION, FUNCTION-THEORETIC QUANTIZATION OF ODES 19 



(6.26) 



\y(0-d(0\<\g(0\ 



holds on ft(g, k) for all k sufficiently large. 

On the one hand, we note from the Lemma l6.2f a'l. the Remark 1 6 . 3 1 and 
the definition (|6 . 25[) that for every integer k, exactly k + 1 distinct zeros of 
g(Q lie inside the £l(g, k) but all £_ lie outside the £l(g, k), see Figure [5] 
for an illustration. Therefore we must have the fact that g(C) does not pass 
through any zero along the k) for every positive integer k. In other 
words, there exists a positive constant Ai(fc), depending only on k, such 
that the inequality 



(6.27) 



\g(C)\ > Ai(fc) > 



holds on 51(5, k) for every positive integer k. To obtain the desired inequal- 
ity (|6.26[) , we must show that the constant Ai(fc) can be chosen independent 
of k. To see this, we note that for each positive integer k, we have 



(6.28) 



3 ±*C _ 



-|A + |*VFt e ±<( \ if(eh(g)ue 2 (gy, 
|A + p 1 e ± ie ±< ( x+0 +), if C G £ 3 (g); 
\A + \^ 1 e^ie ± ^ x+e +\ if C € 



and so 



(6.29) 
5(0 = < 



-C7|A+|- 1 e-^e ie + - £>|A + |e^e-^+ + a n , if C e h(g) U £ 2 (ff); 
qA + |- 1 e3e i ( x + e +) 



-DlA+le-^e"^-^ 



C7|A + |- 1 c-ic i; ( a; + e +) 



if Cg4(?); 
if c e h(g). 



Hence this implies that Ai(fc) can be chosen independent of k. We denote 
this positive number to be Ai, thus we have the inequality 



(6.30) 



|fl(C)l>Ai>0 



holds on fl(g, k) for every positive integer k. 

On the other hand, it follows from (|6.1[) and the chosen function (|6.21[) 
that 



ra-1 



|y(C) - ?(C)I = cSo{c l ) + De-voic 1 ) + oic 1 ) + ]T vjC'-^i + oic 1 )} 

Aole^l A,|e-<' 



(6.31) 



< 



ICI 



ICI 
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where A2 and A3 are some fixed positive constants. Since \i n = ^, the 
definition (|6.5p implies that k is negative and K > — 1, K > Re (fij) — ^ for 
all 1 < j < n - 1. Thus the relations (j!T2"g)) and ((OTj) imply that 



|y(C)-?(C)l< 



Aole^l A,|e-<| 



.32) 



< 



ICI ICI 

A 4 | A 5 
kir (fc7r)l K l ' 



o(\cn 



holds on the contour 57(3, fc), where A4 and A5 are two fixed positive 
constants independent of k. Hence we obtain from (|6.30[) and (|6.32[) that 
the desired inequality (|6.26p holds on 57(3, k) for all sufficiently large k. 

(2) If |A+| = |A_|, then the definition gives d=l. In addition, all 

the C+(^) an d C-(^) be on the same straight line L = L + = L_ (see Remark 
16. 3[) so that for every integer k. we have \C + (k) — C-(k)\ = \8 + — 6—\. Thus, 
there are two possibilities: (i) 9 + = and (ii) 8+ 7^ 0_. 

(i) If 9 + = 6-, then (,+ (k) — C-W f° r every integer k. Hence the above 
contour 51(5, an d the argument leading to the inequality (|6.26[l can 
be applied without any change. 

(ii) If 9 + 7^ 9-, then it may happen that £i(g) or (2(g) passes through the 
zeros C-(fc — I), C-W) C-(2fc) or £_(2fc + 1), so we need to modify the 
contour 17 (3, fc) defined in (|6.25j) . In fact, we can replace (2k — l)n 
and (4k + 1)tt by 2 for - (6+ - 9- )/2 and 4fc?r - (0+ - 0_)/2 respectively 
in the definitions (|6.25[) . We then denote the modified line segments 
by ^(ff) and respectively: 



^(3) := |2fc7r-^^+e++i( log |A+| + ^) : -1 < y < l|, 
r 2 (g):=|4fc7r-^^+0 + +/log|A + | + ^ : -1 < y < l|, 



d\ „, 9+ -9_ . ., 0+-6L 



f 3 ($) := <jx + 0++z( log|A+| - - 1 : 2for - < .t < 4fc7r - 

£4(3) := { x + 0+ + i[ log |A+| + - ) : 2for - + < x < 4for 



Then the contour and the infinite strip are defined similarly and de- 
noted by 57' (3, k) and 57' (3) respectively. See Figure 3 below. 

Since d = 1 in (|6.24p . thus the relations (|6.28[) and (|6.29[) are replaced 
by 



f |A + |TieT«e±(^)% ifCen(5)U^(s); 
e ±lC = < |A + p 1 e ± 3e ± ^ x + 9 +), if C e #,(<?); 
[ |A + | = Fi c = Fi e ±J ( :!:+e +), ifCe^ 4 (3), 



and 
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£(*• i) 


CM C + (k+\) 








--x — •- 


— ; 






-x--- log |A+| = log |A_ 
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Figure 3. The modified contour Sl'(g, k) when |A + | = |A_|. 



' d\A + \- 1 e-^e^ e ++ e ^/ 2 

+D\A + \cie-^+ e -y 2 + a n , if C G i[(g) U ^(?); 

yi ^ ] +S|A + |e-ie-^ +e +> + a„, ifCe4(?); 
C|A + |- 1 e-5e^ +e +) 

+5|A+|e5e-^+ e +)+a„, ifCeA(fl) 

respectively. Thus, the inequalities (|6.30p . (|6.31[) and (|6.32[) can be 
similarly deduced with a possibly different set of the positive constants 
Ai, A 2 ,..., A 5 . 

Remark 6.4 It is trivial to check that there are totally 2k + 1 distinct 
zeros inside the modified contour f2'(<?, k) for every positive integer k. 

Subcase B: Suppose that D = 0. Then it is easy to sec that this can be 
regarded as the degenerated case in Subcase A(l)(i) with the constant 
|A + | and the straight line L + replaced by |Ao| and Lq respectively. 

We may now continue the proof of the Theorem 16. II 

So Rouche's theorem implies that, the functions y(() and 5(C) (resp. g{()) 
have the same number of zeros inside f2(<7, k) (resp. f2(<7, k) or 0'(<7, k)). The 
Proposition 15.31 (resp. Lemma asserts that g(() (resp. 5(C)), and hence y(C), 
has infinitely many distinct zeros inside Q(g) (resp. 51(g) or £1' (<?)). Let n(D, f) 
denote the number of zeros of the function f(z) inside the set D. Then given any 
< e < 1, there exists an infinite sequence {C, n } of zeros of y((), and hence of y(C), 
with |C„| = p n inside Cl(g) (resp. Q(g) or fl'(g)) such that 

n (fifo), y(C)) > plr (resp. n (fi@), y(Q) > p n ~ e or n (Sl'(g), y(()) > 

for all sufficiently large n. By the substitution Le AIz = £, where z = re and 
C = pe %v . Then for choosing r„ and 9 n such that r n +00 as n ^ +00 and 
9 n + 6 = for all positive integers n, where b is the principal argument of M, we 
must have p n = |L|e'^ / ' r " — > +00 as n — > +00 and then 
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logn({z : \z\ < ^ log Pn } , f(zj) logn({c : g < |CI < \L\pn, argC + tt} , y(()] 



log r„ log r n 

log(pn) 1 



> 

log r„ 

(1 - e) logp» 

= — j : > +00 

log log p n 

as n — > +00 which implies that A(/) = +00, thus completing the proof of the 
Theorem. □ 

We can continue the proof of the Theorem 1 1 . 31 now . 

Recall that f(z) = c~ Nz y(Le Mz ), where y(() is a solution to the equation (|1.14j) . 
So the requirement A(/) < +00 is independent of the branches of the function y(C). 
It follows from the Theorem 16.11 that we must have C = D = and hence so are 
A = B = 0. Hence the solution (|1.9[) is expressed in the form 



(6.33) f(z) = e- N *J2^,»( LeMz )- 

3=1 

To complete the proof of the Theorem 11.31 we need to prove that when Oj is 
non-zero, then /Zj and v must satisfy either 

(6.34) cos(^-^Tr) =0 or 1 + e^ +v)vi = 0, 



where j £ {1, 2, . . . , n}. Following a similar idea as in [TUJ p. 145] , we have from the 
Remark [T6l that Sf, u ^(Le Mz ), S^ v {Le Mz ), S lln , v {Le Mz ) are entire functions 
in the z- plane and that each S^^ u {Le Mz ) {j = 1, 2, . . . , n) is independent of the 
branches of S^^C). We choose for a j £ {1, 2, . . . , n} such that aj 7^ 0. So we 
can rewrite the solution (|6 . 33[) as 



(6.35) f(z) = a jC - Nz S H ^(Le Mz e- mm ) + ]T ^e^S^, „(Le Mz ), 

k = l 

where the function 5^,^(0 belongs to the branch — (m + 1)7T < arg C < — (rn — 1)tt 
and the other Lommel functions S^^Q, S N _ uU (C), S N+U „(C), 5 Mn ^(C) 
are in the principal branch — n < argC < 7r and m is an arbitrary but otherwise 
fixed non-zero integer. 

Remark 6.5 We note again that in the following discussion that we only consider 
the case \ij — v = — 2pj — 1. The other case fij + v = —2pj — 1 can be dealt with 
similarly by applying the property that each S , /1 . ]V (^) is an even function of v. 



Suppose that /ij — v = —2pj — 1 for some non- negative integer pj = p. If 
— v £" {0, 1, 2, . . .} or v — 0, then it follows from the Lemma [3.2f a - ) and (b) that 
the solution (|6.35[) can be expressed in the form (|2.3[) with 
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c 



and 



D = 



22Pp!(l-zA, ! 

22p(pl)2 ' 

^(-l) p Al 
2 2 Pp!(l-^) p ; 

22p(p!)2 ' 



if-i/0{O, 1, 2,...}; 
if i/ = 0, 

if-i/g{0, 1, 2,...}; 
if = 0, 



where K' ± and if^ are the constants defined in (|3.1[) . In order to apply the The- 
orem UTIJ we may follow closely the argument used in [101 Proposition 4.4 (i) and 
(ii)], where if we have C ^ or D ^ for any integer m, then we will obtain a 
contradiction to the free choice of the integer m. Hence A(/) = +oo and then either 
C or D must be zero. This implies that (|6.34p holds, as required. 

If v = — n for a positive integer n, then it follows from Lemma l3.2f c) that the 
solution (|6.35[) (with m replaced by 2m) is given by 



(-l) n+ Pa J e- Nz 
2 2 P+"n!(p!) 2 (l + n) p 



Mz\-r 



(Le ) 



x i B n {Lc Mz )\K'lH^\Le Mz )+K'LH^\Lc Mz 



(Le Mz )C n (Lc Mz ) K'lH[ l \Le Mz )+K'^H?>(Le Mz ) 



3=1 



-N: 



S H ALe M *) 



It is obvious that the above expression is not in the form (|2.3[) so that the Theorem 
6.11 does not apply in this case. In order to find an alternative approach to show 
A(/) = +oo, we show that the function h{Q defined by: 



.36) 



h(C) := C n {B n {Q)[K'lH^{0+KlH^{Q)\ 

n 

- CC n (C) [KH^iO + k'1h{ 2) (0] } + E ^ s hA0 



J = l 



has infinitely many zeros in the principal branch of Hq (£), Hq 2 \(), H^fc), h[ 2 \(^) 
and S^.uiO- Therefore we suppose that — 7r < arg£ < n. Then the asymptotic 
expansions (|A.4[) , (|A.5|) and (|A.6[) with putting p = 1 yield 

(6.37) = C" n D+CO^e-^e^ + £>-(C)lfV*e-« + D„ + (()<e- i 5e^((- 1 ) 

n 

+ ^-(o^e^e-^ocr 1 ) t 1 + . 

where £>±(C) = B n (C) ± <C«(C)- To find the number of zeros of h(Q m — tt < 
argC < 7r, we need the following result: 
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Lemma 6.6 Suppose that n is a positive integer. Then at least one of -D^(C) or 
D~(() has degree n. 

Proof of Lemma 1 6. 61 We let 

n n 
3=0 3=0 

where Pi, ... , p n , 71, ... , j n are complex constants. We prove the lemma by induc- 
tion on n. When n = 1, we have -D^C) = so the statement is true. Assume 
that it is also true when n = k for a positive integer k. Without loss of generality, 
we may assume that deg-D^(C) = k so that 

(6.38) p k + i lk ? 0. 



When n = k + 1, it follows from the recurrence relations (|3.4j) for B n (() and 
C„(C) that 

D± +1 (C) = -2fci>±(0 + CS[.(C) ± < 2 c^(C) ± <^(0- 

It is easy to check that the coefficients of the £ k+1 in £>jf (£) are given by ±ik^k ± 
i(Pk±i"/k) respectively. If deg-D^ +1 (£) < k, then we have ±ik~/k±i{Pk±i"/k) = so 
that both 7^ and Pk are zero which certainly contradict to our inductive assumption 
(|6.38|) . Hence we must have deg-D^+iCC) = fe+1 or degD^ +1 (() = k+1, completing 
the proof of the lemma. □ 

We can complete the proof of the theorem now. 

We recall that we have assumed pj — v = —2pj — 1 for some non- negative integer 
Pj = p and v = —n for a positive integer n, see the paragraphs following the 
Remark 16.51 By the Lemma [6.6[ we may suppose that -D^(C) = C±C™ + ■■ • and 
C± = C±e Tt T , where C + ^ 0. Then the expression (|6.37[) induces 

n 

ho = c + k';s[i + oic 1 )} + d-K'ie-* [1 + otc 1 )] -l>c^ * i 1 + 

which is in the form (|6.1[) with C and D replaced by C+K+ and C-K'L respectively. 
Therefore the proof of the Theorem 16 . 1 1 can be applied without change to show that 
if at least one of C+K+ ^ or C-K"_ 7^ 0, then the function h(() has infinitely 
many zeros in — 7r < arg£ < n and thus A(/) = +00, a contradiction. Hence we 
conclude that pj — v cannot be an odd negative integer. 

Now we can apply the analytic continuation formula in the Lemma 13. II with this 
fixed integer m to get 

(6.39) S H , v {Le Mz e- mvi ) = K + P m (cos^,e-^")H^{Le Mz ) 

+ K + c-^ l P m _i(cos vtt,c-^ 1 )H^\Lc Mz ) 
+ {-l) m e- m ^ ni S tt , v (Le Mz ), 
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where P m (cosz^7r, e W" 4 ) is the polynomial as defined in the Lemma |3~T1 Then the 
expressions (|6.35|) and (|6.39[) give 

(6.40) f(z) = K + a J e- Nz P m (cosiyTT,e-^)Hl 1 '>(Le Mz ) 

+ K+a j c- Nz c-'* i P m - 1 {cos vtt, e-^ wi )HM{Le Mz ) 

n 

i / 1 \jti_ n — muj Tri — N z q / t ~hlz \ , \ ^ „ n — N z q i t n Mz \ 

+ (-!) ^je b H ,„{Le ) + 2_^a k c b» k ,u{Le ). 

If cither of the coefficients of Hi 1] (Le Mz ) and H$?\Le Mz ) in the is non- 

zero, then the Theorem I6.ll again implies that A(/) = +00 which is impossible. 
Thus we must have 

(6.41) A+P m (cos^7r,c- W7ri ) = = K+e-^Prn^icosvn-^-^™). 

Now we are ready to derive the equations (|6.34[) . we again recall that the value 
of X(S llj ; v (Le Mz ) ) must be independent of branches of the function S^ tj i „ (£) which 
is equivalent to equations (|6.41[) hold for each integer m. It is clear from the 
Lemma l3~TT b) that P m (cos^7r, c~ W7 ™) = and P m _i(cos^7r, e - ^ 7 ™) = do not 
hold simultaneously for any integer m. Thus K + = must hold, i.e., when <jj =/= 0, 

(6.30) cos( Mi 2 hi/ 7r) =0 or 1 + e ( --^ +l,)m = 0, 

where j G {1, 2, . . . , n}. Hence we deduce the first and the second conditions in 
(|1.10j) from the first and the second equations in (|6.34[) respectively. A detailed 
deduction can be found in [10] PP- 154, 155]. This completes the proof of the 
theorem. 

7. A proof of Corollary 11.41 

If n = 1, then the assumption gives tri 7^ so that P(C) = criS l _ ll ^ u (() ^ 0. If 
?i > 2, then it follows from the Lemma [A.2I that P(C) ^ 0. Thus the function -F(C) 
as defined in f)l . 13[) is non-trivial so that we may suppose that the function (jl . 13[) 
has finitely many zeros in every branch of £. Then the entire function 

a 

f(z) = F(c z )=J2^S H ,„(c z ) 
i=i 

is certainly a solution of the equation p. 81) with L = M = 1 and A(/) < +00. 
Hence the Theorem 11.31 implies that either fij +v = 2pj + 1 or fij — v = 2pj + 1 for 
non- negative integers pj, where j = 1, 2, . . . , n. 

Conversely, if either fij +v = 2pj + 1 or p,j — v = 2pj + 1 for non- negative integers 
Pj, where j = 1, 2, . . . , n, then the Remark I A. II shows that each S^^^^)/^^ 1 is 
a polynomial in l/£ so that 5^.^(0 has only finitely many zeros in every branch 
of (, where j = 1, 2, . . . , n. Thus this implies that the function (|1.13[) has finitely 
many zeros in every branch of This completes the proof of the Corollarv ll.4l 
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8. Non-homogeneous function-theoretic quantization-type results 

The explicit representation and the zeros distribution of an entire solution f(z) 
of either the equation 

(8.1) y" + e z y = Ky 

or the equation 

(8-2) y"+(-\e- 2z + ±e-*)y = Ky 

were studied by Bank, Laine and Langley [2], [3] (see also [13]). Later, Ismail 
and one of the authors strengthened [5] (announced in [?]) their results. In fact, 
they discovered that the solutions of (|8.1[) and (|8.2[) can be solved in terms of 
Bessel functions and Coulomb Wave functions respectively. Besides, they identified 
that two classes of classical orthogonal polynomials (Bessel and generalized Bessel 
polynomials respectively) appeared in the explicit representation of solutions under 
the boundary condition that the exponent of convergence of the zeros of the solution 

logn(r, 4) 

f(z) is finite, i.e., X(f) = lim : — < +oo. This also results in a complete 

r-> + oo logr 

determination of the eigenvalues and eigenfunctions of the equations. We call such 
pheonomenon a function-theoretic quantization result for the differential equations 
(ETTD and (IQl . 

It is also well-known that both equations have important physical applications. 
For examples, the Eqn. (|8.ip is derived as a reduction of a non-linear Schrodingcr 
equation in a recent study of Benjamin-Fcir instability phenomenon in deep water 
in [35], while the second Eqn. (|8.2p is an exceptional case of a standard classical 
diatomic model in quantum mechanics introduced by P. M. Morse in 1929 |2lJ^ and 
is a basic model in the recent VT— symmetric quantum mechanics research |31] (see 
also [B]). 

In [Tpl Theorem 6.1], the authors considered the following differential equation 
(8.3) /" + (e z - K)f = a2^- 1 c^ tl+ ^ z 

which is a special case of the equation (|1.8[) when L = 2, M = h, N = and n = 1 

in the Theorem 11.31 where K = — . They obtained the necessary and sufficient 

condition on K so that the equation (|8.3[) admits subnormal solutions which are 
related to classical polynomials and / or functions, i.e., Neumann's polynomials, 
Gegenbauer's generalization of Neumann's polynomials, Schlafli's polynomials and 
Struvc's functions. This exhibits a kind of function-theoretic quantization phenom- 
enon for no n- homogeneous equations. 

Now the following result holds trivially by our main Theorem 11.31 

Theorem 8.1 With each choice of parameters as indicated in Table Q] below, we 
have a necessary and sufficient condition on K that depends on the non-negative 
integer p so that the equation (|8.3|) admits a solution with ffnite exponent of con- 
vergence of zeros. Furthermore, the forms of such solutions are given explicitly in 



'See 1241 pp. 1-4] for a historical background of the Morse potential. 
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TaWeQ} 

Table 1 . Special cases of (|8.3I) . 

Cases Corresponding K Solutions with finite exponent 

of convergence of zeros 
p 2 2<Tci0 2p (2ei) 

(p + 1? 4(^Ti)^ +2(2ef) 

(2p+l) 2 



(1) 


M = 


1 


(2) 


M = 





(3) 


M = 


-1 


(4) 


li = 


V 
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oW-iyfol H p+ x(2ef)-y p+ i(2ef) 



Here 02p(C) an d 02 P +i(C) are the Neumann polynomials of degrees 2p and 2p+l 
respectively; S P (C) is the Schlafli polynomial and H p+ i(£) is the Struve function, 
see [371 9.1, 9.3, 10.4]. 

Appendix A. Preliminaries on Bessel and the Lommel functions 

A.l. Bessel functions. Let to be an integer. We record here the following analytic 
continuation formulae for the Bessel functions [37J 3.62]: 

(A.l) MCe m * i )=e mv * i J v (C), 

(A.2) ^(Ce™*) = e- ml/ ™Y u (C) + 2i sin{m V Ti) cot^rr) J„(C). 

We recall the Bessel functions of the third kind of order v [271 3.6] are given by 

(A3) fr«(o = MO + iY v {Q, Hi 2 \o = MO - iY»(0- 

They are also called the Hankel functions of order v of the first and second kinds. 
The asymptotic expansions of H^\Q and Hu(Q are a ^ so recorded as follows: 



i 

(A.4) ^j 2 jf f(i)(^)=e i (f-^-H 
where i? p 1} (C) = 0(C P ) in -rr < argC < 2tt 

I. 

(A.5) (^'^(^e-^-W-H 
where R { p\() = 0(C P ) in -2tt < argC < tt. See [2JJ 7.2]. 



^ £;!(2<) fe + p W 



Lfe=o 
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A. 2. An asymptotic expansion of S fl>u (Q and linear independence of Lom- 
mel's functions. It is known that when u. ± v are not odd positive integers, then 
S/j., v(0 has the asymptotic expansion 

(A.6) ^(CW -1 



for large |£| and | arg£| < tt, where p is a positive integer. See also [57J 10.75]. As 
a result, we see that the asymptotic expansions (|A.4[) . (|A.5[) and (|A.6j) are valid 
simultaneously in the range — tt < arg£ < tt. 

Remark A.l It is clear that (|A.6|) is a series in descending powers of £ starting 
from the term £^ _1 and (|A.6|) terminates if one of the numbers n±v is an odd pos- 
itive integer. In particular, if p, — v = 2p + 1 for some non-negative integer p, then 
we have K + = in the analytic continuation formula p.2[) and thus, in this degen- 
erate case, the formula (|3.2[) becomes S2 P +i+v, v{C, c ~ m ™ % ) — &~ mum S2p+i+v, v(0 f° r 
every integer m and | arg£| < tt. 

The following concerns about the linear independence of the Lommel functions 

Lemma A. 2 [TOl Lemma 3.12] Suppose n > 2, and and v be complex numbers 
such that Re (fij) arc all distinct for j = 1,2, ... ,n. Then the Lommel functions 
<Smi."(C) 5 ^i*2,f(C)j s i*. n ,v(0 arc linearly independent. 
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